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We estimate the expressions F(±x, A) and F(±ix, -A), where F(x, A) = j%U(-%, xV^) + 
U(—^,xV2)\/x 2 — A and U is the standard solution of the parabolic cylinder equation, sat- 
isfying U(a,x) ~ x~ a ~ l / 2 e~ x2 as x —* +00. The estimates are valid in rather complicated 
domains and refine there the classical result of Olver. The estimates with real x are im- 
portant for the spectral analysis of non-analytically perturbed quantum harmonic oscillator. 
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This requires a detailed study of the image of the real x-axis in the standard quasiclassical 
variable. 

Keywords: Parabolic cylinder functions; Quasiclassical estimates 

2000 Mathematics Subject Classification: 34M60, 33C15, 34E20, 81Q20. 

1 Introduction 

Consider the solution ip of the equation 

dy 

—y"{x, A) + x 2 y(x, A) = Xy(x, A), y = — , (1.1) 



denned by ip(x, A) = U(— |, x\/2), where U is the standard parabolic cylinder function U( 



a, x) 



D_ a _i(x) (see [TJ , [2J ) - Our main result is the estimates of the expressions F(±x, A) and F(±ix, —A), 

where F(x, A) = if)'(x, A) + if)(x, A)V 'x 2 — A. Each of the four F's is evidently related to one of 
the four solutions ip(±x,\), ip(±ix, — A) of (jl.lj) . The estimates and their (rather complicated) 
domains are given in Theorem 15.11 In particular, for F(x, A) the estimate has the form 

1 \ 1 - 12 \ 1 - 

\F(x,X)\ < C7|0(A)p(a;,A)|e- A ^)|, p(x, A) = + ' ! + 7 " }\ (1-2) 

1 + A 12 + \x 2 - A 4 



.3 • ■ A 



where C is an absolute constant, £(t) = j\/ s 2 — 1 ds and 0(A) = 2*y/n 4 are positive on (1, 00) 

1 

and defined on C \ (—00, 1] and C \ E_, respectively. The estimates of F(—x, A) and F(±ix, —A) 
have similar form, with modifications taking into account branching of £, <fi and \J x 2 — A. 
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We take special care of the case of real x; to this end we study the image of the real axis in the 
relevant quasiclassical variable (see Section Then we localize the image within the domains of 
the estimates. By Theorem 15.11 for each real x and each ray arg A =const the estimates for at 
least two of the four expressions F(±x, A), F(±ix, —A) are fulfilled and the two related solutions 
ijj are linearly independent. The last issue is important for applications that we discuss below. 

Our result is a refinement of the following estimates due to Olver 3j: 

|V(x,A)| < C^l~\e- X ^\, W(x,\)\ ^ C|0(A) Po (x,A)e- A?( ^)|, (1.3) 

where po(x, A) = 1 + |A| 12 + \x 2 — A| 4. These estimates are valid for all values of x and A (for special 
choice of branches of £, <\> and \/x 2 — A, discussed in whereas the domain of our estimates is 
smaller. For example, for A > the asymptotics (jl.2j) holds true only for v^A ^ x. 

The results may have little interest in their own right, but they are useful for the study of the 
quantum harmonic oscillator, perturbed by a non-decaying potential (— -pr + x 2 + q{x) on L 2 (M), 
where q(x) is not small for large \x\). For perturbations q satisfying sup^^g'^) | + | fjf q(s) ds\) < 
00 the following spectral asymptotics was proved in |3] 

/i« = /4 + ^/ g(V^sin0)£ft? + O(n-5), M °=2n+1. (1.4) 

The estimates, obtained in the present paper, give a tool for improvement of the error bound in 
(ll.4|) . We plan to make this in a separate paper. 

In the proof we follow the classical scheme used in j3] . In Section |21 we list the necessary 
properties of the parabolic cylinder functions. In SectionOJwe introduce the quasiclassical variable 
z = z\(x); the equation (jl.lj) becomes a perturbed Airy equation (|H.14|) with the perturbation Vq 
decaying in both z and A. In SectionHJwe study the properties of the family of curves T A = z A (IR + ), 
taking special care of its positioning relatively to the sectors of decay of Airy functions. Since T\ 
for small arg A is not within one such sector, we split the curve by the image z* = z\(x*) of a 
suitably defined turning point G M + . 

In Section we formulate the main result. We prove it first in z- variable. We fix four solutions 
Aq, A± and A* of Eq. (jH.14j) . asymptotically close to one of the Airy functions. For each solution we 
write integral equation. Then we modify these integral equations by separating the exponential 

2 3 

multiplier, writing Ao(z, A) = e~3 z2 a (z, A) and similarly introducing a±, a*. Analyzing the 
modified integral equations, we prove the main estimates in terms of z-derivatives of a , a± and a* 
( Theorem 15. 4j) . The domains of these estimates turn out to be rather complicated. Comparing the 
asymptotics as x — » 00, we identify each of A u (z\(x), A)/ y/ z' x (x) with one of ip(±x, A), ip(±ix, —A). 
This yields Theorem 15.11 We also give the connection formulas and calculate the Wronskians for 
A v . 

In Appendix A we list the properties of the auxiliary family of curves, that are used in the 
proof of Theorem 15.41 In Appendix B we accomplish the study of properties of T\ = z\(WL + ) by 



estimating the integrals of ^j^a and ^ e + | 2 ^L along the family of curves T\(z). For the sake of 
completeness some technical results from 0] are reproduced in Section H] and Apendix B. 
Notations. 

• We set C+ = {z 6 C : Imz > 0} , C+ = {z G C : Imz ^ 0}. 
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• For the spectral parameter A G C + \ {0} we set A = |A|e 2M? , •& G [0, |]. 

• The functions logz and z a = e alogz for a G C take their principal values on C \ M_. 

• We denote by S[a,/3] the sector {z G C : axgz G similarly we define S(a,j3), S[a,/3) 
and S(a, 0\. By S[— n,7i] we denote the complex plane cut along (— oo,0], where the upper 
and the lower sides of the cut are included, but not identified. 

• We also set S R [a,(3] = {z G S[a,(3} : \z\ ^ R}. 

2 Elementary properties of parabolic cylinder functions 

In this section we list the necessary properties of standard parabolic cylinder functions. We use the 
solution ip of Eq. (jl.l|) . given by ip(x, A) = U (— |, x^/2), where U is the standard parabolic cylinder 
function (see £Q). In the notation of Whittaker [2] for the parabolic cylinder function D n (z) and 

A-l 

the confluent hypergeometric function Wk : m(x) we have ip(x, A) = Dx-i (x\/2) = 2 -^=-Wa _i(x 2 ). 
The solution ip is uniquely defined by its asymptotics 

A-l x 2 

ip(x, A) ~ (xV2)^~e~~ as |x| — > oo, | argx| ^ — e for any e > 0. (2.5) 

It is an entire function of x and an entire function of A. Other important solutions of (jl.lj) are 
ip(—x, A) and ip(±ix, —A). The connection formulas are 

ijj(±ix, -A) = ^"J^ (e^ (A+1 V(±x, A) + e-^ (A+1 V(Tx, A)) (2.6) 

V 2n 

i/>(±x, A) = -^J- (e^-^izz, -A) + e-^-^Tiz, -A)) (2.7) 

V 27T 

3 The changes of variables 

In the variable t = -7= the equation (jl.l|) becomes 

m"(t) = A 2 (t 2 - l)™(t), w(t) = y(tVX). (3.8) 

t 

Introduce the function £(t) = j\J s 2 — 1 such that £ > for t > 0, defined on C \ (—00, 1]. We 

1 

have 

£(t) = I (tv 7 ^!- log(t + v 7 ^!)) = f-|ln2t- l + 0(r 2 ), t^oo. (3.9) 

£ has finite branch points t — +1 and £ = — 1, which we denote by A and E, respectively. 
Definition of r](t). Introduce the function 

v(t) = (imy, tec\ (-00,-1]. (3.10) 
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Unlike £, it is analytic on (—1, 1) and t — 1 is its regular point. Define the points rj Q = 7/(0) = 
— (t^) 5 and = 7/(— 1) = — (^)3. The mapping r? : D T i— > C \ (—oo,r] E ] is an analytic isomor- 
phism, where D T = (— 1, 1] U {t : | arg£(t)| < ^}. We denote by t{rf) the function inverse to r](t) 
and defined on C \ (— oo, r] E }. 

The boundary of D T is 7_ U7 + , where 7^ = {t G C± : arg£(t) = ±^-, ^ f }• The curves 
7-t and 7^ + emanate from E and have tangential inclinations to the positive real axis of 
respectively. By (|3.9jl . the curves 7± are asymptotic to the rays argt = ±^r, respectively. The 
domain Z?r and the curves 7± are schematically presented on Fig0]a). 

For any fixed A G S[— 7T, 7r] \{0} transition from x-variable to z-variable is given by the function 

Zx{x) = X i v (%) = A§ (§e(^)) % * G D X (A) = {x6C:^ -Dt}- (3.11) 
For a fixed A G £>[— 7T, it] \ {0} each mapping 

z x (-) : D X (A) i-> £> Z (A) = C \ {z : argz = argz B (A), \z\ > \z E (X)\} (3.12) 

is an analytic isomorphism. We denote by x x (-) the function inverse to z x (-) an d defined on Dz(X). 
Evidently z x (s/X) = 0; the images of x = and x = —\^X in ^-variable are 

z = z x (0) = Alr/ = -A§ (f ) § , ^(A) = 2 A (-VA) = a1t/ £ = -A§ (f ) § . (3.13) 

The parabolic cylinder equation in z- variable, y is a solution of (|1.1|) in Dx(A) if and 
only if u(z, A) = ^AigMJ solves the equation 

d 2 z u(z,X) - zu(z,X) = V (z,X)u(z,X), z e D Z (X), (3.14) 
where we use the notation c^w = |^ and where 



Vo{z,\)=v(z\-*)\-*, v( V ) = ^f) — -j==, (3.15) 

and £(•) denotes the function, inverse to rj(-), given by (|3.10jl . The function v(rj) is analytic in 
C \ (—00, T)e], hence V is analytic in both A and z for (A, z) G (C \ R_) x D Z (X). Since v(rj) has 
the uniform asymptotics v(rj) ~ ^V~ 2 as M ~~ > °°> ^ is unbounded only at 7/ = 7/^. Thus for any 
e > there exists a constant C such that 

C 

Hv)\ < n , 1 ,x 2 > for k-^sl^e, 77 £ (-00, r/^]. (3.16) 
(1 + \r]\y 

The curve r A = z A (IR+). Each mapping z x (-) : IR + — ► r A = z A (IR + ) is a real analytic 
isomorphism. If A > 0, then T A = [zq, 00) C I is a half-line (zq is given by (|3.13Jl ). The curve is 
schematically presented on Fig. H]b). For z\, Z2 G T A such that x\(zi) ^ x x (z 2 ) define the curves, 
that play the role of an interval, by 

T x (z 1 ,z 2 ) = {z : x x (z) G [x\(zi), x x (z 2 )]}, r A (*i) = T x (z u oo) = {z : x x (z) ^ x x {z x )}. 

Now we generalize the notion of the turning point for non-positive A. 
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Definition 3.1. For each A G S[— 7r, 7r] \ {0} define = x*(X) G M + and 2* = 2* (A) G T A &?/ 

I^aO^*)! = m i n 1^(^)1 and = z\(x*). We also define t* and r* by t* = -7= and r* = It*!. 

By Lemma fOj the point is defined correctly (is unique). Throughout the paper we use 
according to this definition, omitting dependence from A for brevity. We set 

r-=r A (z ,^), r+ = r A (z*,oo), r A = r-ur+. (3.17) 

Note that for A > we have = y/X. 

Separating small and large arg A. Further analysis of Eq. (|3.14|) employs different technique 
for small and large arguments of A. We formalize these two cases by introducing S and considering 
separately | argA| ^ 5 and 5 < | argA| ^ it. Here and below we fix 

5e(0,j). (3.18) 
5 

Throughout the paper the constant C in the estimates depends on 5; for brevity we indicate this 
dependence explicitly only in Theorem 15. 11 

For each A define the domain -Df (A) in z-plane as follows. Let B £ (X) denote the disk of radius 
|<£e(A)| sine, centered at Ze(X). Define the points w±s(X) where the curves Im^e^^s)) 2 =const 
are tangential to D £ (X): lm(w±s(X)e l ^ T 3^) a = sup 26Be ( A ) Im(^e*^ T 3)) a . Ws(X) is defined for 
A G Si/ 2 [5, 7r], w_,$(A) is defined for A G 5i/ 2 [0, n — S). Fix e G (0, |) sufficiently small to ensure that 
for any A G Si/ 2 [S, 7r] holds Im(w$(X)e l ^~^)% ^ Im(z (A)e^t~f ))l l . The domain's complement 
is the disk B e (X) plus the disk's shadow from the point light source at the origin, 

D 5 Z {X) = C \ (B £ (X) U{z:\ sigz - arg^(A)| < e, \z\ ^ \z E {X)\ cose}) , (3.19) 

The complement to D S Z {X) is schematically presented on FigQb) by the dashed region. 

Here is the motivation of this definition and of the following one. We prove the main estimate 
in z- variable using integral equation, equivalent to (J3.14|) . The kernel of the integral equation is a 
product of Airy functions and of the effective potential Vq. By (J3.16|) . we have the estimate 

\Vo(z,\)\^ t° for zeD s z (X). (3.20) 

| A 1 3 + \z\ 2 

Airy functions allow convenient estimates on the family of curves lm(ze llp )^ =const, \cp\ ^ |- — | 
(the curves are discussed in details in Appendix A). Thus the estimates for the whole kernel hold 
in a subdomain of D S Z (X), whose points are attainable along a curve from this family. Next we 
define an important part of this subdomain. 

Definition 3.2. H±s(X) is the part of the sector S[—ir ± §, — f ± f], that lies above the curve 
Im^e^^s))! =const ; tangential to the boundary of D S Z (X), 

H ±5 (X) = {ze S[-n ± f , -f ± f] : Im^e^D)! ^ lm(w ±5 (X)e i ^)l}. 
H + s(X) is defined for X G Si/ 2 [6, tc], H^s(X) is defined for X G Si/ 2 [0,7r — 6). 



1 This choice of e is used in Section[S]wheii we show that T\ (or its parts Tf) is within the range of the estimates 
of Theorem l5.4l 
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Figure 1: a) The ray e J1? IR + for d G [0, |] is in the domain in t-plane. b) The point divides 
the curve I\ = U Y\. The curve Im^e^t - ^)! =const is tangential to the boundary of D s z (\) 
and is separated away from T\. The complement to -D|(A) is dashed. Here 2$ = argA. 



4 Properties of T\ 

In this section we find out the properties of the curve T\ = z\(W + ). Since £ is symmetric with 
respect to the real axis, we consider only the case ImA ^ 0. In this case we set £(t) = £(t — iO) 
for t G (— oo, 1] and follow this agreement throughout the paper. 
The relation 

§* A (x)§=A£(t), t = % = re- 4 *eS[-%,0], A = |A|e 2il? (4.21) 

reduces the study of the family of curves T A = z A (R + ), A G C + to the study of the family 
e 2M? £(e -M? lR + ) for •§ G [0, |]. We use the representation of £ € e~ 41? lR + in the form 

t = re'™ = 1 + r]e~ i(p , <p€[0,n], r,r]^0. (4.22) 

Using this representation and (|3.9jl . we have 

£(t) = /" V2 + se-^ ■ ds, d r f (t) = e-^v 7 *^! = y/^e'^ * ] \/l + re 1 **. (4.23) 

Lemma 4.1. Fzx i? G [0, f] and Zet t G e~ w R + . Write t m i/ie form U.2ty . Then 
1. fsini^ < \£{t)\; if \t - 1| s= 1, i/ien §|t - 1|§ ^ |f(t)| s= 2|t — 1|§, 
«. arge(t) G [-f - f , -f], -<p G [| argtff), | argtft) + |], 
3. argcU(t) G [-| - 0, -20) n (-f - f , -f - 7?], 

^ i/tf G (0,§] ; tfien arge(e-^ + ) = [-f , -20); arg£( e - i0 M + ) = {-f ,0} 7 
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5. if - n - # <: a rg£(t), then arg (e 2 »^(£)) e [-f + f , f ], 
ff. i/ -f - 20 < arg£(t) ; ^en arg (e™d r t{t)) G [-£ - f , f ]. 

Proof. E Assume |t — 1| $C 1 and consider the integrand in (|4.23j) . For s G [0,1]] we have 
1 < Re V2 + se~ iL P and |V2 + se~^\ < 3. Substituting these estimates in ({03} yields §77! < 
|£(£)| < 3 • frp, 77 = |t — 1|. The relation min \t — 1| = shit? for G [0, |] finishes the proof. 

argt=— 19 

121 Consider the integrand in ([4.23)1 . For s G [0,7;] we have arg y/2 + se~ 1 ^ G [— f,0], hence 
arg£(t) + f = arg ( JJ V2 + stF* ■ s^rfs) G [-f,0]. 

El In the second identity in flOBj) we have (t 2 — 1) G Sf-vr, — 2i?), so that arg ^\t\ 2 e~ 2i ' d - 1 G 
[— I , — 1?) and arg<9 r £(t) G [— f — ■$,—2'$). Using arg \/T + re~ l1? G (— 1,0] in the same formula, 
we obtain arg<9 r £(t) G (-f - f , -f - 1?]. 

HI Fix G (0,5]. By the principle of boundary correspondence for conformal mappings, 
£OSl-f,0]) C 5[-f,0], so arge(e-^M+) C [-f,0]. Using f(t) = * 2 /2 - ±lnt + 0(l), we 
have arg (e 2M? £(t)) — > as r — > 00; by direct calculation, £(0) = i~. Therefore, [— ^y, — 2$) C 
arg£(e _M? IBL|_). It remains to prove that arg (e 2j1? £(t)) < 0. 

By El f° r a fixed the function Im (e 2i,? £(re )) strictly decreases in r. Therefore, using 
f(S[-f,0]) C S[-3f,0] and f(0) = if, we conclude that the curve e 2 ^i{e~ i ^ + ) crosses only the 
negative half of the imaginary axis. Again using monotone decrease of Im (e 2 " ? £(re _l,? )) in r, we 
obtain arg (e 2i1? £(t)) < 0, which comletes the proof. 

El Using the second identity in (|4.23j) and yl + re~ %{> G S[— f,0], we obtain 

arg {e™d r at)) € [-§ + |, - f + 0]. (4.24) 

By hypothesis and|H arg£(i) G [— 7r — 6>, —20]. Thus using El we obtain —99 G [ — § (vr + — 0]. 
Substituting this into (|4.24j) proves El 

El By El -f - f < -f ^ 0. Using arg y/re-™ + 1 G [-f,0], we obtain arg(e 2i,9 <9 r £(t)) = 
wg{j*y/W=l) = arg(e^-fVre-^ + l) G [-f -§,§]. ■ 

Lemma 4.2. Lei £ = re _M? ; r ^ /or a /ixed G [0, |]. T/ien 

1. if $ E (0, f] and r ^ tfien Im {e™ d r £(t)) < and Re (e 2i6 > 0, 
if $ = and r G [0, 1), t/*en Im (e 2 ^<9 r £(t)) < and Ref (t) = 0, 

ifd = 0andre (1, 00), ^en Im£(t) = and Re (e 2 ^<9 r £(t)) > 0, 

2. if arg (e 2il3 £{t)) G (-vr, -| + 0), then d r argf(t) > 0, 

5. z/arg (e 2i ^(t)) G [-^ + 20, -|] ; tfaen d r arg£(t) > 0, 

^. z/arg(e 2 ^(t)) G (-f ,-tt + 0) ; tfien r |£(*)| < 0, 
tfarg(e 2 ^(t)) e (-f,0), toen r |£(*)| > 0. 

Proof. H For £ (0, §] the result follows from Lemma 14.1131 . For $ = 0, the result follows 
from ()3.9j) by direct calculation. 

El Direct calculation yields <9 r arg£(t) = Im In £(re _M? ) = jmjr sin {arg<9 r £(t) — arg £(£)}. 
By Lemma 14. 1131 . <9 r arg£(t) is strictly positive for arg£(£) G (— n — 20, — | — 0). 
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El We have £ argf (re - **) = Im (^§p). By Lemma EE , arg«9 r £(t) G [-f - f , -f - 0], 
so using Lemma EHH yields arg(<9 r £(t)) G [~ arg£(t) - ^, ~ arg£(t) - ^]. Hence, arg (^pj € 
[-§ arg^(t) - f ,-§argf(t) - f]. By hypothesis and Lemma QUI , arg£(t) G [-f , -2tf - J], 
which implies arg y r ^ J £ [0, vr], as required. 

H We have <9 r |£(t)| 2 = 2|£'(t)||£(t)| cos {arg«9 r £(t) - arg^(t)}. By Lemma EH , d r \£(t)\ is 
positive for arg£(i) G (— f — 2$, — i?) and negative for arg£(t) G (— — 20, — n — 0). ■ 



Lemma 4.3. For eac/i A = |A|e 2M9 G C + \ {0} there exists a unique x* ^ snc/i i/iai |za(^*)| 



min |za(^)|- Define i t Ge 1/& ~R + and z* <ET\ by U = and z* = z\(x*) 

x>0 V A 



Then 



1. \z\{-)\ is strictly decreasing on [0,x*) and strictly increasing on (x*,oo) ; 

3 ~ 

2. for A fixed RezA(-) 5 is non- decreasing on R+. If X > and a; G [sc*, oo), or if < arg A ^ 7r 
and x G M+ ; i/ien is strictly increasing, 

3. if $ = ; i/ien = and x* = V% 

z/0 G (0, §], ^en arg 2 , G [-f - f , -f + §0] ; -tt + § < arg (e 2 ^*)), 

^ ift = e~ i *r forr G [0, |t„|), tfien arg (e 2 ^<9 r £(t)) G [-f + 0,-f + f ] ; 
5. |t, | ^ \/2. 

Proof. First we prove existence and uniqueness of x*. By (|4.21|) . it is sufficient to prove 
that there exist a unique minimum of |£(t)| on e _M? IR + . For arg A = the result is evident. Fix 
G (0, f] and let t = re~ M , r ^ 0. Direct calculation yields <9 r |£(t)| 2 | r=0 = -(^/v^) co S ^ 0. 
By Lemma (4.1141 and Lemma (4.2141 . we have <9 r |£(t)| > as r — > oo. Therefore there exists at 
least one point t G e _41? R-|_ such that d r \^(t) \ = 0. This point is unique if 



ftleWr = im| 2 + Re(e- 2l V(^)) >0 for teS[-f,0]. (4.25) 



i a : 

2 



By £'(t) = \/t 2 — 1 and £"(t) = ^ * s sufficient to show that 



w(t) 



<1 for Ret^O, (4.26) 



3 

where w(t) = = - on C \ (— oo, 1] and io(i) > for t > 1. Note that is analytic 

in the half-plane Ret > —1, since both u> and £ change sign when crossing the cut (—1,1]. Thus 
we prove (|4.2fij) applying the principle of maximum for the expanding half-disks Dr = {t : Re t ^ 
0, |t| ^ R}. For t — > oo we have u>(t) ~ t 2 and £(t) ~ y uniformly in | arg t\ < ^. Hence 
| -Ml | — > | uniformly on the arcs |t| = R, | argt| $C | as i? — > oo. For Ret = deformation of 

the integration path in O gives |£(t)| 2 < (f) 2 + |t| 2 (l + y 1 ) 2 , so that |f(t)| < ^|tu(t)|. Thus 
the inequality | — | < ^ holds on the boundary of Dr for sufficiently large R. By the maximum 
principle, this yields (|4.26|) . (|4.25j) and uniqueness of the point £* G e _I,? R + satisfying c? r |£(t*)| = 0. 
By (|4.21j) . x* = is the unique minimum of \z\{-)\ on R + , as required. 
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□ The result follows from ijOTt . KZty and d r \£{t)\ 2 \ r=0 = ~(^/V2) costf < 0. 
121 By (|4.2ip . for = re - " 9 the sign of Rez\(x)z is the same as that of d r Re(e 2l1? £(re _M9 )). 
Therefore, the result follows from Lemma [4.2111 . 

01 For arg A = the result is evident; fix d G (0, f] and let t = re~ l& , r ^ 0. We have 

<9 r |£(t)| 2 = 2Re (t{t)d r £(t)\ By Lemma OEI . for t = 1 + rje-*? G S[-f ,0) we have arg£(i) G 

[-f - f , -f ]; by Lemma EH , we have argd^(T) G [f + 0, f + f ]. Thus arg (f(t)S^) G 

+ |, -</? + f ] and we have d r \£(t)\ < for -y> G (-f - f , -f - f ) and r |f (t)| > for 
—ip G (— | — f , f — if)- Therefore, the point t* = r*e - ^ = 1 + T]*e~ i(p * satisfies 

-<p.G [-l-f, -|-f]. (4.27) 

Using 1)4.27)1 and Lemma [4. 1121 we obtain 

arg£(**)G [-f -f]. (4.28) 

By dOU), this proves argz* G [-| - f , -f + §0]. By (l4~2~8l for < ■& < ff and Lemma OEI 
for |j ^ ^ | , we have — 7r + ^ ^ ar g(e 2M? £ (£*)), as required. 

H By (JOZD, for t = re -w = 1 + rje-* and r < |t*| we have -tt < < -f - f . Using 
Lemma FQ5I we obtain -§ + # < arg (e 2i,? ,9 r £(t)) ^ - f < -f + f . 

03 For $ = the result is evident. For a fixed d G (0, ~] write i = re -219 = 1 + r]e~ %ip . 
Geometric considerations show that r = ^^r^y- By 1)4.27)1 . for i* = r^e - *^ = 1 + ?7*e~ l</3 * we have 
-l-fO-^-f + f.flo that r* = m -^y < ^ = V2. ■ 

In the next Lemma we analyse the curves T^, defined in f)3.17j) . 

Lemma 4.4. Let A = | A | e 2 ^ G C+ \ {0}. Then 

1. z/tf = 0, tknT A = [-(f A)f,0], T+= [0,+oo) ; 

ifd G (0, f] ; ^en T A C S[-n + f , 0), 1^ C S[-n + f , -§ + f ], T+ C 5[-f - f , 0), 

2. i/0 < arg A < <5, then T~ C S[-tt + 0, -f - T+ C 5[-f - ^,0), 

i i 2 

5. inf 2 ^ A 3 sin 

zer A 

^. C : |z| (if|A|)^} ; the length o/T~ safe/ies |r~| sC C|A|§. 

Proof H For $ = the result is evident. For $ G (0, |] the assertion on T\ follows from 
Lemma HUH and relation 1)4.21)) . 

Now prove the assertion on T^. By Lemma 14.3131 . we have only show that arg 2a (^) is non- 
decreasing at x = x*. Writing Lemma [4.3131 in terms of = r*e~ v& = 1 + r]*e~ l<p * yields ()4.28|) . 
Hence the hypothesis of Lemma 14.2131 is satisfied for t*, so that d r axg£(t*) ^ 0. By (|4.21|) . 
d x arg^x*) ^ 0. This completes the proof. 

El By[Uof this Lemma, we have C S[-n, -f + ff] and T+ C - J, 0). By definition 

()3.18|) . 8 < |, which implies the result. 

El The result follows from Lemma [4.1111 and relation ()4.21j) . 

13] The inclusion follows from Lemma [4.3111 and (j3.13j) . Using the definition ()3.11j) . we obtain 
\ = IM 1 Jo**' W {j"e~ l ®)\dr . The integral is bounded uniformly in A, since r](t) is analytic for 
Ret > —1 and |t*| ^ \/2 (see Lemma 14.3151 ). This proves the estimate for |r^|. ■ 
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5 The main estimates 



In this section we prove the main estimates ()5.30Hlo~^j) . We consider only the case Im A ^ 0, since 
for ImA ^ the results are analogous. In order to formulate the result we recall the necessary 
definitions and notations. 

2 

By (JHTEJ), we have z \{ x ) = (f A £(7l)) 3 ' £(*) = fiV^^Tds, where f(t) > for t > 1. By 
Definition 13.11 |xa(0I on ^+ has the unique minimum in = x*(A); for A > = y/\ is the 

3 A 

turning point. By (jl.2j) . 0(A) = I^^/tx (j-j 4 takes its principal value on C \ R_. According to 

1 + |A|i + \x 2 - A|5 



p(x, A) 



1 + |A|i2 + \x 2 



All 



For arg A > we define by \J x 2 — A the branch, analytic on R + , such that arg a/x 2 — A — > 
as x — > +oo. For arg A = we set V^ 2 — A = a/x 2 — (A + zO). 

Using Definition 13. 21 for H±s(\) and ()3.19|) for _D|(A), introduce the domains 



^(A) d = f J D|(A)n{^:|argzKvr-f} 



^(A) d =D|(A)n(5[f + f + 



3 ' 



7T 



3 J ' 
f] 



Uff_j(A) U 5[-7T 



4tf 7T 

3 ' 3 



Di(A) = D d z (X)n{z 



argz\ > f}, 



Dt (A) d = f D« (A) n (5[f + | , vr + f ] U F 5 (A) U + 



5 7T 

3' 3 



Ae,S 1/2 [0,7r], 
-f]), XeS 1/2 [0,n-5], 
XeS 1/2 [0,n], 

+ f]), A 6^,4 



which are schematically presented of Fig (21 

We are interested in the range of arg A such that T^, given by (J3.17|) . are within the estimate's 



validity domain. By Lemma 14.1131 . lm(z\\ 



7T S_\ * 3_ 

x)e' y s 3>)2 



is non-decreasing in x for 5 ^ arg A ^ 



7i. Taking into account the definition (|3.19|) . we conclude that for 5 ^ arg A ^ ix the curve 



Im(^e 



■3 3 ' ) 2 



=const, tangential to the boundary of D S Z (X), does not intersect T> 



T A n{^ G S[-7T+f,-f + |] : Im(^i-D)l = lm(w s (X)e 1 ^-^} = 0, AG S 1/2 [5,n}. (5.29) 

Theorem 5.1. Let < 5 < | and Zet ^ fre tae solution of Eg. / TO]) , satisfying \2.5)) . Then there 
exist a positive number C$, independent of x and X, such that 
For ^ arg A ^ n and Z\{x) G -Dq(A) we have 

^C s \ ( / ) (X)p(x,X)e~ H{ ^\. 



ip'{x,X) + tp(x,X)Vx 2 - X 



In particular, the estimate holds for 5 ^ arg A ^ n, x G 
For ^ arg A ^ n — 5 and z\(x) G -D+(A) we have 



(5.30) 

and ^ arg A ^ 5, x G [x* (A) , oo] . 



ip'(ix, —A) + iipiix, —X)Vx 2 — A 



A)e-^ A p (x,A)e^^ 



(5.31) 



In particular, the estimate holds for ^ arg A ^ tt — 5 and x G 
For ^ arg A ^ it and z\(x) G -D* (A) we aai>e 



ip'(—ix, —A) + iip(—ix, —X)Vx 2 — X 



^C s \<j>(-X)p(x,X)e X ^ ] \ 



(5.32) 
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Figure 2: The domains a) -Dq(A), b) D^(A), c) D^_(X), d) -Df(A), where uniform estimates ()5.45|) 
are fulfilled. Here 2$ = arg A. 

In particular, the estimate holds for ^ arg A ^ 5 and x G [0,x*(A)]. 
For 5 ^ arg A ^ n and Z\(x) G -Df(A) we /iai>e 

^(:t?)i 



ip'{-x,\) +ip(-x,\)V^^\ ^C s \(f>(\)e- i z x p(x,\)e i( ^ > \. (5.33) 

In particular, the estimate holds for ~ — | ^ arg A ^ tc and x G M+. 

The plan of the proof is as follows. In Definition 15 . 21 we introduce the solutions A , A± and A* 
of the parabolic cylinder equation in z-coordinate (j3.14|) . Each solution is asymptotically close to 
one of the Airy functions Ai(z), Ai(ze ±l ~s~ ) in some sector. It is convenient to separate explicitly 
the exponential multipliers of the solutions and proceed in terms of the modified ones, which we 
denote by do, a± and a* (see Definition 15. 3|) . In Theorem 15.41 we estimate the z-derivative of the 
modified solutions. For each modified solution we specify the domain where the estimate is uniform 
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in both z and A; we find the range of argA such that Y\ or Y\ (or both) is within the domain. 
Finally we transform the estimates of d z ciQ, d z a± and d z a* into the estimates of Theorem 15 . II using 
the relation of A u (z, A) to the parabolic cylinder functions ip(±x, A), if)(±ix, —A). We also present 
connection formulas and calculate Wronskians for solutions Aq, A± and A*. 



Definition 5.2. A, A± and A* are the solutions of Eg. \3. 1$ , satisfying the following asymptotics 
as \z\ — > oo: 



A (z, A) = Ai(*)(l + 0(z-*)), d z A (z, A) = Ai'(z)(l + 0(z~*)) 



for A G S 1/2 [0, tt] and z G S[-it + f + e, 



TT 



(5.34) 



A+(z, A) = Ai(zu;)(l + 0(*~ 3 ))> d z A + {z, A) = wAi'(zu;)(l + 0(z~*)) 



(5.35) 



/or A G S 1/2 [0,tt- 5} and z G S[-n + f +e s - | 



3 1 °' 3 3J 

3 . 



A_(z, A) = Ai(zZU)(l + 0(z—2)), d z A_{z, A) = uJAi'(zuJ)(l + 0{z~*)) 



(5.36) 



for A G S 1/2 [0, tt] and z G S[-§ + |,7r + f - e] 



A* (2, A) = M(zu)(l + 0(z-*)), d z A*(z, A) = uki\zu){\ + O(^)) 



(5.37) 



for A G Si/2[#, 7r] and z G S'ff + 3) 71 " + "3 — £ ]- Here 5 and e be given by \3.1£fy and 
respectively. 

The sectors from the definition are schematically presented on Fig|21 



♦ ♦ ♦ 



^I-t-I-t-I-' 




Figure 3: The sectors on z-plane, where Aq, A± and A* are asymptotically close to Airy functions 
(here 2$ = argA G [0, 7r]). Arrows indicate the sectors where the solutions decay. 

The functions Aq and A_ are asymptotic to Ai(z) and Ai(zaJ), respectively. The sector of 
exponential decay of Ai(zu;) is divided in two subsectors by the ray argz = — ir + 4^ (see ()3.12|l ). 
The solution A + is asymptotic to Ai(zuj) in one subsector, A* — in another one. 
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Further analysis of the perturbed Airy equation (j3.14|) use the following connection and asymp- 
totic formulas for the Airy functions (see pQ): 

{Ai(*),Bi(z)} = 1, Bi(z) =i(2e-^Ai(ujz) -Ai(z)) , uj = e^, (5.38) 
Ai(z) = e~^Ai(zuj) + e^Ai(zZJ), Bi(z) = ie~^ ki(zu) - ie i ^Ai(zUJ). (5.39) 

Ai(z) = 6 ' ( 1 + 0(z-%)) , \z\-kx), \argz\ < tt - e, Ve > 0, (5.40) 

Next we introduce the modified solutions a u , where the exponential multipliers are separated 
explicitly. The basic estimates are formulated in terms of these modified solutions. 

Definition 5.3. For |A| > 1/2 and z G D° Z (X) 

for AgS(-7t,7t), 2^f_, (5.41) 

for \eS(-n,ir), z £ e^R + , (5.42) 

for A G S(-7r,7r), z^e-^ILf., (5.43) 

/or AgC\R, zge**R+. (5.44) 

The next theorem is essentially Theorem 15.11 in z- variable. It gives the estimates of the z- 
derivatives of a v , uniform in both z and A. It is proved using an equivalent integral equation. The 
domains of the estimates are defined in the beginning of this section. Their complicated structure 
is the cost of transition from asymptotic formulas to uniform estimates. 2 

Theorem 5.4. The solutions Aq, A± and A* exist and are defined uniquely. The solutions are 
analytic in both A and z for A G 5i/ 2 (— 7r, tt) and z G Dz(X). The asymptotics \5.34\ - \^^\) are 

1 2 

uniform in both z and A, and the error term can be replaced by 0{z~^X^^) . 
Fix 5 G (0, f ) and let D s z {\) be given by \3.1ty) . Then the estimate 

l^foAJK - Cs (5.45) 

where Cs is independent of z and A, is fulfilled in the following cases: 

v — and z G -Dq(A), A G 5i/ 2 [0, n]. In particular, the estimate is valid for A G Su 2 [6, tt], z G I\ 
and /or A G 5*1/2 [0, 8], z G T^. 

^ = + and z G D+(\), A G 5*1/2 [0, tt — S]. In particular, the estimate is valid for X G 5i/2[0, tt — 6], 

zeT x . 

v = — and z G D S _(X), X G Si/2[0,7r]. In particular, the estimate is valid for X G Si/2[Q,S], 
2 Dcrivation of the classical estimates in also involves detailed discussion of domains. 



a {z,X) = e^A{z,X), 
a + {z,X) = e§ ( ^ ) M + (z,A), 
a_{z,X) = ei (2ZJ)l A„(z,A), 
a*{z,X) = e^ zu >^A*{z,X), 
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v — * and z G -Df(A), A G £1/2 [<5, 7r]. in 'particular, the estimate is valid for A G 5'i/2[f — i) 71 "]; 
: e Ta- 

Proof of Theorem 15. 4L We present the proof only for Aq when A G S1/2IP, 7r] and z G 
S(—tt, |) fl L>f (A); for other cases the proof is analogous. Note that existence of a solution of 
(J3.14)) implies its analyticity in D Z (X) (by Fuchs theorem, see Ch.5 §3 in [Oj). 

The scheme of the proof is as follows. First we replace ()3.14|) by an equivalent integral equation. 
Since its integrand is analytic, we choose the integration path to be a curve T^z), given by 
Definition 16.11 (see Appendix A). Using the estimate of the integrand on these curves, standard 
iteration scheme yields the required estimate of z-derivative of the solution. 

For any z G S(—ir, |) fl D Z (X) there exist a contour T v (z) with \ip\ ^ | — |, which lies within 
the same domain: T^(z) C S(—tt, |) fl D Z (X). Since V is analytic (see its definition (J3.15J1 ). u 
solves (|3.14|) if it is a solution of the integral equation 

u{z,X) = Ai(z) + I J {z,s)V {s,X)u(s,X)ds, z G S(—tt, |) fl D 5 Z (X), (5.46) 

where Jq{z, s) = Ai(s)Bi(z) — Ai(z)Bi(s). Here f r f(s)ds denotes the complex line integral of 
/ along the infinite curve T v (z). We have to treat ()5.46|) as a formal equation; it is justified below 

2 3 

using standard iteration technique. We rewrite the last equation in terms of v — e^ zl u: 



v(z, A) = a(z) + / J(z,s)V (s,X)v(s,X)ds, a(z) = Ai(z)es z , (5.47) 

where J(z, s) = Jq{z, s)ea( z >. To provide continuity as arg A j 0, everywhere below we require 
that Z2 takes its values on the lower side of the cut (— oo,0] for z < 0. (Since for ImA > the 
curve lies in the lower half-plane Imz < 0.) By Definition 15.31 and ([5.38)1 . we have 

J{z, s) = -27rze-*i (a(z)a(suj) - ei ( ^~ s§) a(W)a(s)) , u = . (5.48) 

Set Vq(z) = a(z) and consider the iterations 



v n (w,X)= / J(w, s)V (s, A)u n _i(s, X)ds for w G T v (z). 

We estimate v n in terms of the majorizing functions b n (w, A) = sup (1 + |s|)4|t> n (s, A)|, defined 
on Ttpiz). By Lemma 16.2111 . b n (w,X) is non- decreasing on T^z). By (|5.4()jl . 

\a(z)\ < \a'(z)\ < largzKvr-e, \/e > 0. (5.49) 

(l + |z|)a (1 + kl) 3 

Therefore, using ()3.20|) and Lemma f6. 2121 . we obtain 

C 

\J(w,s)V (s,X)\ < [rX7jTTT~| ^77—1 h i for sgT » 

(1 + |w|)4(|A|3 + |s| 2 )(l + |s|)4 
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uniformly in w G S(—ir, |) fl D S Z (X). Thus 



b n (s)\ds\ C f b n (s)\ds 



b n +i(w) ^ C \ 4 r < — j / 3-, w e T V (A 

where we denote by j G f(s) \ds\ the line integral of / along G with respect to the arc length 
\ds\ = a/ (dx) 2 + (dy) 2 . By (j5.49j) . we have 60 ^ C, so the integrals converge absolutely. Using 
the induction principle, we obtain 





r M \ 




(1 + 


*I)V 



(1 + \w\)*\v n (w,X)\ < b n (w,X) ^ — — y / - 1 ' , , «)6T,(4 (5.50) 



By Lemma Id 2141 , the integral in parenthesis is bounded. Hence, the series Yl^Lo v n converges 

2 3 

uniformly and absolutely and its sum v = Ylm=o v n sorves <|5.47|) . Thus u = e~3 z7 t> solves (|3.14|) . 

Moreover, dSHDj) implies that for A e Si/ 2 [0,7i} and z e S(-tt, f ) n D s z (\) 

1 00 C 
Hz,X)\ < —i ^>(*,A) < — — -. (5.51) 

Now show that u has the asymptotics ()5.34|) . We write v as 

4 3 

A) = a(z) + a(z)I p - a(zu)e3 z ^ J e , (5.52) 

where 
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I p = —2-Kie l 'i j V (s, \)a(suj)v(s, X)ds, I e = 2-nie ' 3 y e £> s V^s, A)a(s)t> (s, A)cfs. 

T v {x) r A z ) 

By dHH), dS31|) , (I53T1) and Lemma 



4 3 



I^I^T^ mVi m for ^5[-7r + |,f]n^(A). (5.53) 
|A| 3 I 1 + HJ 

In order to estimate J p we observe that it is given by an integral with an analytic integrand. So 
for z E S(—7t + 4^ + £, |) we deform the integration path to the ray {s : args = arg^, \s\ ^ \z\}, 
which lies within S(-ir, f ) n D S Z (X). Thus using ()5.49|) . (|3.20j) and (|5.51|) . we obtain 

\Ip\< — ^r, \Ip\ < 2 ° r for zeS[-n + f + £ ,f]. (5.54) 

Using a(z) = Ai(z)e^ zl , ()5.52|) . (|5.53j) and (|5.54|) . we obtain for u = e~§ z7 t> the estimates 



3 ,3 
zl I I _ 2 3 , 



2 , 



Kz,A)-Ai(^l<C 1 1 Kz,A)-Ai(z)KC 

(1 + |^|)2 + 4 |A|s(l + |z|)3 



1-J-I 

4 
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uniformly in A G Si/ 2 [0, n] and z G S[—n + ^ + e, |]. By the first estimate and ()5.40|) . u satisfies 
the first asymptotics in (J5.34)) . By the second estimate, the error term in (J5.34)) can be replaced 
by 0(|A|~3 |z|~2). 

Taking z-derivative of ()5.52|) and using ()5.53|) and ()5.54|) . we obtain for A G Si/ 2 [0, 7r] and 
z G S[— 7r + ^ + £, |] the estimates 

|^.A)-Ai , (^)l<C , / |e , 3 , ' 1 ; |0,ii(*,A)-Ai'C*)|<C- " 



i 1 1 

' 4 



;i + M)5-3 lA|t(i + i^i)f- 

so that it satisfies the second asymptotics in ()5.34|) and its error term can be replaced byO(|A|~5|z|~3). 

2 3 

We demonstrated that u has the asymptotics ()5.34|) . hence A = u = e~z z ^v and a = v. 
Now prove (pT47>|) for a . By (jSlSjl . (HEHJ), (jEISH) and Lemma E2E , we conclude that J p is 
uniformly bounded for A G Si/2[0, ir] and 2; G 5[— 7r + |, ~] fl D 5 Z (X). Taking ^-derivative of (|5.52jl 
and estimating \d z v(z, A) — a\z)\ using ()5.49|) . ()5.53|) and boundedness of I p , we obtain ()5.45|) for 

v = o.m 

Next we relate the solutions A v to tp(±x, A) and tp(±ix, —A). The next Corollary follows from 
the asymptotics ()5.34fJ5~3"T)) for A u , ()2.5|) for ip and z\(x) = (f) 3 ^ 3 (1 + 0(x -1 )) for | argx — i?| < 7r 
(see (|3.9H3.1l]) \ Note that multiplication by (or _1 ), which has different values on the upper 
and the lower sides of the cut R_, annihilates with the similar behavior of A v j \[z\. 

Corollary 5.5. Let |A| ^ \, A G C \ E_ and z x (x) G D Z (A). T/jen 

Ao) ij(x,X) = m MZ £^ X) for \eS 1/2 (-n,n), (5.55) 

V ^aW 

A_) ^-A)^e% e ^^^ /or A eS 1/2 [-7r + (5.56) 

0(A) v^M 

A + ) ^,-A) = ^e-^ e -^^±M^ /or Ae5 [ (5.57) 

0(A) Vw) 

A,) ^(-x,A)=e ±J fe^V(A)^47¥^ / or ± arg A G |A| > 1/2, (5.58) 

where 0(A) is gwen fry ( li-i^ . 

Proof of Theorem 15. 1L We give the proof only for t/>(x, A) and Im A ^ 0; for other cases the 
proof is analogous. By (|5.55p . we have 4>(\)a (z\(x), A) = ip(x, \)\/z' x (x) exp(^z\(x) 2 ). Taking 
x-derivative of this identity and using (J3.ll)) . we obtain 



^'(x, A) + iP(x, A)vV^A = 0(A)e C W ^7 x —a (z x , A) - — -f^ao^, A) 
where we write z\ in place of z\[x) for brevity. Using the estimate ()5.45|) of Theorem 15.41 we have 

(5.59) 



A) + i/>(x, A)V^A| ^C 5 |0(A)e A *W| v 1 Al 5 + 

1 + 
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1 + N 



for z x (x) G Dg(A) C D z {\). Using <|3.HH3.11j) . we conclude that for x G Da-(A) (that is, z A (a;) G 



\z x {x)\ < C7 |g8 A| < C(|A|* + |a; 2 - A|*), 
| A 1 3 + |x 2 — A| 3 

Now ((OSD and (fCTIJ) yield as required. ■ 

Corollary 5.6 (Symmetries). Let z G £)^(A). T/ien 
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1 + 1 


^A 



< C ^ , . (5.60) 



A (z,A) = A (z,A), A*(z,A) = A*(z,A), A±(z, A) = A T (z, A). (5.61) 

Next we use f|5.55ti53Hj) and the identity <p(— A)0(A) = 2%ire ±l ^ x for ±ImA > to rewrite the 
connection formulas (j2.6H2.7j) in terms of A v . 

Corollary 5.7 (Connection formulas). Let A a denote A a (z, A) for a = 0, +,—,*, where z G 
£>z(A). T/ien 

A o = p%F(^)[e^A + + e^A^}, for -7r<argA<7r, (5.62) 

A^^^— J— -[e^e^A + A*], for 0<±argA<vr, (5.63) 



2 0^(A) V 2 

A F = ^^ 1 ^i__ [e^ + e^A ], /or 0<±argA<7r, (5.64) 

2 ^(A) 1 v 2 i 

^ = ^ r (¥)[ e±l7rAeTif ^T + ^±], for 0<±argA<7r. (5.65) 

Next we find the Wronskians W{f, g} = fg' — f'g for the solutions A u , using the asymptotics 
(|5.34fJ5~3T)) and the connection formulas (|5.62fl5~T35]) . 

Corollary 5.8. For < argA < tt we have 

W{A , A ± } = ^1, W{A, A + } = -^e™\ W{A, A.} = ^, (5.66) 

Z7T Z7T Z7T 

^o, A} = ^e^cos(f )^|r(A±l )) A +} = ^ . (5.67) 

</> 2 (A) v 2 J 

6 Appendix A 

We define the family of curves T v (^) and study its properties. We use it in the proof of Theo- 
rem E3J 

Definition 6.1. For a complex point z G 5(— 7T, 7r) and an ano/e G [— |, |], satisfying \ aigz — 
ip\ ^ ^ we set 

T v (z) = js G 5|[argz,^| : Imfae - ^)* = Im(ze"^)i, Re(se^)i ^ Re(^e^)f } , (A.l) 
where S\[axgz,ip\\ denotes the sector S[aigz,ip] if axgz ^ <^ and S[ip,aigz] otherwise. 
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The curve Y v (z) is asymptotic to the ray args = p. If argz = p, then Y 9 (z) degenerates 
into the ray e l</, [|z|, oo). If | argz — <p\ = then Y^z) degenerates into the sum of the interval 
e* argz [0, \z\) and the ray e lv> JBL + . The curves &rg(ze tip ) 3 / 2 =const are schematically presented on 
Figgja). 

Lemma 6.2. 1. IfwG Y v (z), then Y^w) C Y v (z). 

2. Ifse Y^z) \ {z} and \<p\ < f, then Re(s§ - z§) = cos ^ • Re((se"^)i - (ze^)!) > 0. 

3. Let a G R and 5 > 0. T/ien /or | argz| ^ ix — y t/iere exists p such that \p\ ^ | — | ; 
| argz — y>| ^ y — | and 

r I — A s i i i -A z fi 

/ P 3 3 

/ 7^ — rrr \ ds \ < C*— L r> (A. 2) 

where C$ is independent of z and p. 
4- Let a > 1. Then the integral J T Q+^a is bounded uniformly in z. 

Proof. C]is evident. To prove El observe that si = e^(se~ llp )^ } where we take the principal 
value of non- integer powers on C \ R_. Hence, Re = cos ^ ■ He(se~ l ' p ) a + sin ^ • lm(se~ tip ) 2 , 
where the last term is constant for all s G T^z). Subtracting the same formula with s = z yields 
the result. 

3 - 3 

Now prove El Let x = ~R,e(ze~ l(p )2 , y = lm(ze~ lip )^ . Parametrize the curve Y v (z) by s(t) = 
e iip (t + iy)%, t G [x, 00). ByH Rest = t cos ^ + ysin using |ds| = § dt 1 , we obtain 



|e-t si | ,,, ^ .,4 „.„a», . Z" 00 e-4 cos ¥dt 



-|d S |<Ce-»» m -f/, 1= / — — — -j, (A.3) 



(1 + \ s \) a ' Jx (l + \t + iy\)-r\t + iy\* 

2a. 

where we used (1 + \s\)~ a ^ C(l + \t + iy\)~~ . It remains to prove that 

C ■ e~ ex § 

I < 5- — r-, where w = x + iy, I argwl ^ 7r and e — | cos (A. 4) 

(l + H)f(«+5> ' 1 2 



For |iy| ^ 1 this is evident. For \w\ > 1 and |arg«;| ^ ~ we use |t + z?/| ^ |iu| to obtain 

^ ^ C i, rn f°° e~ £t dt. Since £ > | sin f , this yields (I A. 41) . It remains to consider \w\ > 1 and 

(l+M)^^) Jx 3 2 ^ ' 

I ^ I arg u;| ^ it — |. Using sin | ^ |w| sin | ^ we have 



I € 5-7 TT I e~ £t dt < -4- r- ^- — r- < C- 



\y\U°+h)J x ^ 4(sinf)K a+ 2)+ 1 ' (1 + |w|)§( a+ i)' 

which also implies (jA.4j) . Substituting (|A.4|) into (|A.3|) completes the proof. 

To prove |U we use the same parametrization s(t) as in the proof of El This gives 

\ds\ . , . Z" 00 fdt 



1^1 < / 7 ! ^r— -r ^ 7-" (A.5) 



x^( z )(l + kl) Q 7^ (1 + \t + iy\?) a \t + iy\* <*-l 
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7 Appendix B: Integration along T\ 



3 

In this section we estimate the integrals of ( 1+ |" z |)a and feu|4; • We show that for 5 ^ | argA| ^ n 
the integrals along the family of curves T\(z) allow the same estimates as the integrals along R + . 
For | argA| ^ 5 this is true only for z G T^. The integrals along for | argA| ^ S allow the same 

2 

estimate as those along [— | A | s , 0] . 

For any continuous function / on a smooth curve G we denote the usual complex line integral 
by f G f(s)ds. We denote by f G f(s) \ds\ the line integral of / along G with respect to the arc 
length \ds\ = v/ (dx) 2 + (dy) 2 . For integration along the infinite curve G we use the same notation 

f G f(s) ds = lim f f(s) ds for absolutely converging integrals. 
R ^°°Gn{s:|s|s;i?} 
Now we formulate the main result of this section. 

Theorem 7.1. Let |A| ^ 1/2 and a G R. Fix 5 G (0, |) and assume that either a) z G r A; 
5 ^ | argA| ^ 7r or b) z G Pj". T/ien the following estimates are fulfilled: 

e 3 e 3 Z 

da <C - 1 - -j- r , (B.l) 



r A (w,z) 



2 



+ (i + N) 

l e ^l ui/^y |et z ^| f w = zq for 5^|argA|^7r, /r . n . 

\ds\ < C — r , where { _ f \ \\Z-x ( B - 2 ) 



l + |s|) a ' : (i + | z |)a+i' \w = z* for |argA|<5, 



Ids I C . 

^ t; , i «>1, (B.3) 



(1 + (1 + |z| 



2 , 



3 



'r A ( 2 ) (1 + |s||A|-3)« (l + |z||A| 

where C is independent of X and z. 

Theorem 7.2. Let |A| 1/2. T/ien the following estimates are fulfilled: 

C(l- a)- 1 ^ 1 -^ for 0<a<l, 
£ <| Clog(l + 2|A|) for a = 1, (B.5) 

C(a - 1) _1 for a > 1, 





f/.S 




(1 + 1 





• T^r, (B.6) 



A| 3 + |s| 2 I A 1 3 



where C is independent of X and z. 



We consider only the case Im A ^ 0; for Im A ^ the proof is analogous. As a prerequisite for 
the proof we estimate f r r w 9 \ |/( s )||ds| for the cases a) and b) of the hypothesis of Theorem 17. II 
Similarly we estimate J r - \f(s)\\ds\ for ^ argA ^ 8. 

Introduce a convenient parametrization of T\ for 5 < arg A ^ 7r and of T^" for ^ arg A ^ 5. 
By definition of T x = z\(WL + ), the mapping Z\(-) already gives the parametrization by x G R + . 
Define the new parameter k as a function of x by k = Re(e 2M9 £(-^=)). This is a smooth one-to-one 
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mapping, since by Lemma 14.2111 . Re(e 2M9 £(-^=)) is strictly increasing in x. We also introduce 

the function v$, which maps the real part of e 2M? £(re _M? ) (r i3 0) to its imaginary part: for 
x = Re(e 2M9 £(re _M? )) we set v$(x) = Im(e 2l *£(re _M? )). The curve e 2M? £(e _M? lL|_) is schematically 
presented on FigQ]b). The parametrization of T\ in terms of x is given by 



2 — / 

s A (x) = I A I "a [§(x + ^(x))] 3 , so that \ds\ = \ 1 + 



dWx)\ lAldx 



dx 



sa(x) 



(B.7) 



By (|3.10j) . (j3.11j) and ()B.7|) . for a point 2\(:r) = Sa(x) on T A we have 



z\{x) 



IAI 



e 2 ^(t) = x + z^(x) = |^ 



.r 



Al 



where * = = re _i,? , r > 0. (B.8) 
v A 



Let us show that 



dvAx) 



dx 



< C in cases 



a) Sa(x) G r A , 5 < argA $C n, 



(B.9) 



b) s A (x) G T+, 0^ argA < <J. 
For x = Re(e 2M9 £(t)), where t = re _M? and r ^ 0, we have 

In case a) by Lemma T4.1I3I . we have arg<9 r £(t) G [— | — i9, — 2t9). Hence arg (e 2M9 <9 r £(t)) G 



[— f + f , 0) and 



^ cot I uniformly for 5 ^ arg A ^ ix. 



In case b) by definition (|3.18jh we have ^ d < j^, so that ()4.28|) (equivalent to Lemma \4. 313 
implies — n — & ^ arg£(t). Therefore by Lemma fa. 1151 . arg (e 2l ^d r !;(t)) G [— ~ + §,§]• Hence 

j^g (g) 



dx 



^ tan |, as required. 

Thus for (21,22) C r A , 6 < argA ^ it and for T\(zi,Z2) C T^, ^ argA ^ 5 the estimate 
IB.9J) implies 



\f{s)\\ds\^C\\\ 



; A ' " " ^ rfx, where Xi 2 = Re - — ^ . 

3 A 



(B.ll) 



By Lemma 14.2131 , the last inequality in Lemma 14.3131 and (|B.8|) , we have 

7T 

— 7T + — ^ arg(x + iv$(>c)) for Sa(x) G T^, < arg A ^ n. 
By (|B~Toj) . (|B~8jl . Lemma SUi and (ETTHj) . we have 

' /r, ' U ' <tan(|-§)<l if x^0, 0<argA<<5. 



<ix 



(B.12) 



(B.13) 



Now we estimate J r _ |/(s)||ds| for ^ argA ^ 5. We introduce the parametrization of T 



A ■ 



symmetric in a sense to (jB.7|) : now the imaginary part of p| becomes the parameter. Let x 
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parametrizes r A by z = z\(x); for ^ argA ^ 5 define the new parameter x as a function 
of x by xi x ) = I m ( e2i1? ^(^))- This is a smooth one-to-one mapping, since by Lemma I4.2I1I . 
Im(e 2M? £(^=)) is strictly decreasing. We introduce the function u$, which maps the imaginary part 
of e^^re -1 ^) (r ^ 0) to its real part: for x — Im(e 2M *£(re -M *)) we set u#(x) = Re(e 2M? £(re _M9 )). 
The parametrization of in terms of x is 



2 =L 

wx{x) = |A| 3 [KMX) +ix)] 3 , |<* 



to 



1 + 



^Mx)\ |A| dx 

d * ) V\Mxl\ 



[B.U) 



Let us show that -J^ is uniformly bounded. For x = Im(e £(t)), where t = re and r ^ 0, we 
have 



dn^(x) _ ^Re(e 2 ^(re-^)) 
dx 9 r Im(e 2i ^(re-^)) 



cotarg (e 2i ^(t)). 



By Lemma IOE and (ETTHJ) . arg (e 2i *0 r f (t)) G [-|, - f]. Therefore 
and for ^ arg A ^ 5 we have 



dx 



is uniformly bounded 



xo 



VFa(x)I 



where Xo * = im 



3 

3¥ 



(B.15) 



and Xo = f cos 2t9. 

Lemma 7.3. Let A G Si/ 2 [0, ir). For each A define x 0; x* and xi > by sa(x 0j *) = zo,* and 
t>^(xi) = —Xi. T/ien x* G [xq,xi] and taere exzst a positive number C, independent of X and z, 
such that 

1. \s\{x)\ ^ C\z*\ for 5 ^ argA ^ 7r and x G [x , Xi] ; 

3 3 

|sa(x)|2 ^ C\ Imz* | for ^ argA ^ 5 and x G [x*, xi], 



5. 



|sa(x)| 2 ^ ^l^l x / or ^ argA ^ n and x G [xi, oo) 



Proof. Our main instrument is the relation (|B.8j) . Together with (jB.13|) it implies uniqueness 
of Xi. Using Lemma 14.2131 and Lemma 14.3131 . we conclude that x* G [xq,Xi]. By flB.8|) and 
Lemma f4.2lll . t>#(x) is non- increasing. The points Xq,*,! are schematically presented on Fig0]b). 



□ Write t such that \sr](t) = s A (x) in the form (l4~22l : t 



re" 



1 + G [0,7r], 77 ^ 0. 



By Lemma 14.2131 and the definition of Zi, we have arg£(i) ^ — f — 2$. Now using Lemma 14.112 



we obtain 



^ d — ^ — ^ so that the identity r 



4 

sin y> 



sin(cp — 1?) 



yields \t\ ^ 



Applying 



2J), we conclude that |sa(x)2 c A£({t : |t|sin| ^ 1}) for x G [x ,xi], hence |sa(x)| ^ C| A| 3 . 
Lemma 14.4131 gives | A 1 3 sin | ^ \z*\. This yields |sa(x)| ^ C| required. 

[21 It suffice to consider argA 7^ 0. The estimates (jB.9|) . ()B.12|) implies |n#(0)| ^ C|«#(x*)| and 
flB~T3l implies |v*(xi)| ^ C\v#(0)\, so that \v#{x x )\ ^ C|%(x,)|. By flB~8l) . (TTTHIt . Lemma 
in the form (J4.28|) and definition of x 1; we have — — | ^ arg(x + iv^(x)) ^ — | for x G 
[x*,X]J. Taking into account non-increasing of n^(x), we conclude that |x| ^ |n 1 9(x)|cot| and 
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therefore |x + iv$(>c)\ ^ C\v^{x^)\ for x G [x*,X]J. By (jB.8|) . this is equivalent to |sa(x)|2 ^ 

3 

qim required. 

El By definition of Xi, ()B.8|) . and Lemma 14.2131 . we have Sa(x)5 g if>[— 1,0] for x G [x 1; oo), 



3 

2 Zn 



as required. ■ Note that x = Re ~ -^j- = — | sin 2$. 

Proof of Theorem 17.11 First we prove (jB.l|) . Consider the case ^ argA ^ ir, z G T^. By 
Lemma 14.3111 . for s\(x) G Y\ the function |sa(x)| is non-decreasing. Thus using (jB.7|) . ()B.11|) . 

|Ax|s ^ -y/|sa(x)| for \z\ ^ 1 and \/Jz\ ^ a/|sa(x)| for | ^sr | > 1, we obtain 

|e-i sl | C|A| ? e " 2|Akrfx n M 2§ l 

^ l ds l ^ 7T~7 una / / i / .m ^ c : 



(i + \ s \r i (i+\z\) a j v^im" (i + \z\r + ^ 

AW Re 2^ 

Consider the case 5 ^ argA ^ tc, z G T^. By El and 0] of Lemma 14.41 is bounded away from 
zero and \z\ ^ C|2*|. So using ()B.7|) . ()B.11|) and the definition of z* (13. lj) we obtain 



(1 + 1*1)° (l+|^|) a+ 2 7 ' ^ (l + |*|)«+ 3 



as required. This completes the proof of (|B.1|) 



3 

Re 2^ 
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3 3 

Consider (|B.2|) . Introduce the notations a = Re|f^-, b = Re|p^ (here and below we omit 
dependence of A). Applying (jB.ll)) we obtain 



/ 





e3 s 




(1 + 1 


8\)« 



T x (w,z) 



\ds\^CI(b,a), where I(b,a) = \ 1 ==, (B.16) 

J (i + |s A (*)|)VM*)l 



Let S < argA ^ n. Suppose that z G T\(zo,Zi), where zo is given by ()3.13|) and z\ = s\{xi) 
for K\ is defined in Lemma 17.31 By El and 0] of Lemma 14.41 is bounded away from zero and 
| z | ^ C|2*|. Therefore, 



I p 2|A|a I §zf 

7(6, a) ^ J(x , a) ^ r / e 2 ^\\\dx < C r < C 



(l + \z*\) a \z*\* J** (l + |«»|) a+ 3 (l + |z|)«+S 

By ()B.16|) . the last estimate proves (jB.2|) for 2 6 r\(2f Q , ZjJ. 

Now suppose that z G r\(zi, 00). By Lemma 17.3131 . a > and |z| ^ C(|A|a)3. Therefore, 



3 



pa/2 2\X\a I f*3 

J(x ,a/2)^ / e 2|A hA|dx< e |A|a < C 5 < C ^~ 

where we used e~* ^ n+t) a ^ or ^ ^ 0- Using Lemma 14.4131 . Lemma 17.3131 and a > 0, we obtain 

2|A|a |pt**| 

I(a/2,a)^C—— T — I -^C 



{\X\a)^ a+ ^ (i + | 2 |)«+| 

By ()B.16|) . the two last displayed formulas prove (jB.2|) for z G T\(zi, 00). 

Now let < argA ^ 5 (for A > the proof is by direct calculation). For \z\ ^ 1 the result 
is evident, so we consider the case \z\ > 1. Suppose that z G r.\(;z*,Zi). By Lemma 14.4131 and 
Lemma 17.3121 . < |?;#(x*)A|3 ^ \z*\ ^ \z\ ^ C|n#(x*)A| 3 . Hence, 



I{Xn a) < c r em * w ?\ * cMfi , g 1^1 

U |^(x,)A|l° + 3 ^ (l + |^|) Q+ 5 

By (jBTTHjl . this proves (jFl2|l for z G r A (z*,Zi). 

It remains to consider 2 G r A (zx,oo). By definition of Zi, a ^ 0. Using the substitution 
£ = I xA 1 3 and Lemma 17.3131 , we have 



(a[A|)l _ 3 



. C ■ e 2 ^\X\dx f C-e 2 ^ , C ■ e 2 ^ a 



1 4 



3 
22 



(l + |Ax|!)<*|Ax|i 7 (1 + W) Q ^ (l + (a|A|)I) Q+ ^ + 

— OO —OO 

By (jBTTBj) . this proves (1B~2J) . 

Next we prove ()B.3|) . Consider the case ^ argA ^ n, z G Y\. By Lemma 14.2111 . v$(>c) is 
non-increasing. By (|B.8|) and the last estimate in Lemma 14.3131 . v$(x) ^ 0. Thus using (|B.7|) . 
(IB. 11)) and the substitution £ = | x| 3 we obtain 



+ I A|f t^- 1 ) ' 7 (| x |f + |u|f +e)« 7 (|t| + M§+e)< 

|a| 3 sign a 

23 



3 3 



\V\ 3 



where a = Re|pq-, v = Im|m, e = (||A|) 3. For a ^ direct calculation yields / ^ ^i(l a l^ + 
+ e) l ~ a ] by (|Hl7jl . this gives (JESJ). For a < we have 



/<2f * < ^j"- 1 ' < .^r 1 ' ■ (B.18) 

Jo (t + |v|s + e) a (\v\3+e) a - 1 (\a\s + \v\s + e)"- 1 

where the last estimate follows from (|B.12|) . Now (jB.18|) and ()B.17|) again give (jB.3|) . 

It remains to consider the case 5 ^ argA ^ ir, z G T^. By flB.8|) and Lemma [4.4131 . we have 
(|) 2 (sin |) 3 ^ x 2 + fj(x). Thus using (IB~7l) . (lB~TTJ) and Lemma , we have 



/ 



\ds\ C f \k\-Ux c c 



+ ^ lAlK"- 1 ) 7 (x 2 + y 2 (x))f lAlK"" 1 ) (l + k 1 ^- 1 



as required. 

Now prove (jB.4|) . The proof is similar to that of (jB.3|) . Consider the case ^ arg A ^ tt, z G Y\. 
By Lemma 14.2111 . v${x) is non- increasing; by (|B.8|) and the last estimate in Lemma [4.3131 . we 
have v$(x) ^ 0. Thus using (jB.7|) . (|B.11|) and the substitution t = |x|s we obtain 

oo 

\ds\ „ , , f dt 



< CJ, J 



1 + |s|)(l + |s||A|-§) a ^ " J (e+ \v\i + \t\)(l + \v\i + \t\Y 

\a\ S sign a 



where a = Re |f^-, i> = Im|^, e = (||A|) 3. For a ^ direct estimate of the last integral gives 
(|B.4|) . For a < we expand the integration range to (—00, 00) and use symmetry of the integrand. 
This gives 

dt a' 1 + ln(l + 

J<2 / r- — < 2- 



(e + t)(l + t)« (1 + HS)« 

HS 

Now we use flB.12|) to deduce ()B.4|) from the last inequality. 

It remains to estimate the integral over T\(z, 2*) for z G T^, 5 ^ argA ^ 7T. By ()B.8|) and 
Lemma 14.4141 . x and zA~s are bounded. So we use (jB.7|) . ()B.11|) and the substitution t — |x|s 
to obtain 

I (i ± <c f™ l JL< c H i + 2|A|) < ^ + ^ + 2 2 ' A '). 

7r A ( 2 ) (l + |s||A|-§) Q io £ + * (l + |2||A|-3> 

Combining the last estimate with the result for z G T\ completes the proof. ■ 

Proof of Lemma 17.21 It is sufficient to consider A G Si/ 2 [0,7r]. First prove (jB.5|) ; by (|B.15[) . 

we have 

< c 1 t , 1=1 r 1 dx 2 — , (B.20) 

where e = (||A|)-§, Xo = lm(e 2 ^(0)) = \ cos2tf, X * = Im(e 2 ^(t*)). By Lemma . 

is uniformly bounded; by the last inequality in Lemma 14.3131 . x* ^ 0. The change of variable 

t — signx in / and further direct estimate give (jB.5|) . 





ds 




(1 + 1 


s \r 
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Now prove (jB.6|) . For 5 ^ argA ^ 7r we use the parametrization of T\, given by (jB.7|) and the 
estimate (jB.llj) . Similarly for ^ argA ^ 5 we use (JB~T)) and (jB.llj) on T| and (jB.14j) . ()B.15j) on 



T A . In the both cases we obtain 



1*1 . ( b. 21 ; 



'r A |A|3 + | s | 2 |A| 3 7_oo |t| 3 (1 + |^| s) 2 | A| 3 
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